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A B S T R A C T

Cellular solids such as honeycombs are often used in impact protection systems. Those with precisely defined
geometries allow responses to be programmed to specific functions, but can be costly to design. This article
presents an analytical model for fast, parametric optimisation. The analytical model, and a numerical one,
were validated against experimental data for three honeycomb variants, during compression tests to 80%
engineering strain, and 1, 3 and 5 J impacts. The numerical model force readings remained within 5% of
the experiments. A further verification of the analytical model, varying all parameters within the honeycomb
geometry, was undertaken for 5 J and 15 J impacts. The analytical model predicted energy absorption at all
displacement increments to be (on average) 3% higher than the numerical one. The limits of agreement (with
95% confidence) were between +15 and −9% of the numerical model. The analytical model provided solutions
almost instantly, so was used in a demonstrative parametric optimisation study, for a 10 J impact. The input
and output solutions were verified in the numerical model, showing a four-fold reduction in peak force (from
∼2000 to ∼500 N).

1. Introduction

Cellular solids are, and have long been, the primary choice for cush-
ioning layers used in impact protection, spanning sports, healthcare,
defence, transport and packaging [1–12]. While protective equipment
traditionally uses foams, transformative developments in manufactur-
ing and fabrication allow the geometry and patterning of cells in
lattices and honeycombs to be precisely defined [1,2,13,14]. These
rationally design structures with properties that cannot be achieved in
the intrinsic materials they are made from are known as mechanical
metamaterials [15]. Lattice and honeycomb cells can be arranged
periodically (in a repeating pattern), aperiodically (varying randomly,
discretely, or with a gradient), or have varying degrees of hierarchy
(degrees of scales with recognised structure) [16–20,13].

Protective equipment serves various functions, with the core goal
being to mitigate loading conditions associated with a high risk of
injury (or damage). [21,2,1]. During impacts, injury risk is generally
thought to increase with the magnitude of peak force or accelera-
tion [2,22,23], the rate of application of such force [2,22,24], and
the duration over which it is sustained [22,23]. Other factors which
affect injury risk include impact direction and location, environmental
conditions (e.g., temperature and humidity), elastic wave propagation,
and whether the impact is blunt, or concentrated [22,24–28]. Similar
factors also affect the likelihood of damage to materials or objects [4].

Honeycombs designed and tested with the intention of mitigat-
ing injury risk can be used out-of-plane (with straight walls approxi-
mately parallel to the impact direction) [29], or in-plane (with straight
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walls approximately perpendicular to the impact direction) [2,1,29–
31]. When developing systems to protect objects, or for use under high
energy and high speed impacts, the orientation is typically out of plane,
using stiff materials that crush under impact [29]. Such crushing can be
caused by a single fold, or a series of progressive folds, each causing a
reduction and plateau in compression force [29]. Personal protective
equipment for low energy impacts (e.g., sports, medical devices, or
footwear), often uses in-plane honeycombs, or lattices [2,1,29,30,32].
These can be made from hyper-elastic, or highly viscoelastic material,
meaning the protective device can withstand numerous impacts. Such
honeycombs, or similar hyper-elastic lattices, offer comfort and flexibil-
ity, and additional opportunity to tune response to glancing or oblique
impacts [33–36].

While mechanical metamaterials could improve products, including
safety equipment, increased freedom to design multiscale structures
brings new challenges. Concurrent, multi-scale optimisation of internal
microsctructure and external macrostructure is computationally expen-
sive [37,13,38]. Designing for large strains seen under impact, and
integrating into multi-body simulations (e.g., including realistic human
body surrogates, protective devices, and colliding objects) often makes
computational design and optimisation unfeasible [2,38].

To leverage these new materials, industry uses mixed-method prod-
uct developments cycles [2]. These often start with know-how, to
generate a prototype that is improved experimentally, or by using
microstructurally faithful finite element models [2,38,13]. Fast map-
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ping between micro-structure and property is well developed under
low-strains, either using analytical methods [3,4,39–41], or by apply-
ing homogenisation to single cell geometries via. periodic boundary
conditions (PBCs) [38,13]. Advanced, higher order methods also fa-
cilitate application of PBCs under large strains, by using additional
terms to map micro and macro-deformations [42–44,37,45]. These still
require robust development of characterisation protocols before they
see widespread uptake [38]. Numerical methods remain the typical
choice for computational honeycomb (and lattice) optimisation [35,34,
36,33]. Once developed, the level of agreement between experiment
and simulation is typically 5 to 10% [35,34,36,33].

Various machine learning, or artificial intelligence methods, are
emerging for mechanical metamaterial design and optimisation [46,
20,38,47]. After training, such methods rapidly generate structures
for a wide variety of potential responses, with errors typically within
15% [46,20,38,47]. A broad variety of AI methods that includes large
language models, neural networks, transformers, and video denoising,
have been used [46,20,38,47]. These allow recognition and selection
for known phenomena during deformation, such as cell wall or rib
buckling during compression [46].

As an alternative, analytical methods have potential to facilitate fast
approximation of large-strain response, via. the occurrence of buckling
and self-contact, and the additional tensors required to map micro
and macro deformations [17]. Current analytical models of cellular
structures provide some benefits over generalised ones. In comparison
to higher order continua (e.g., micromorphic ones [43]), analytical
models provide direct mapping between geometry and response. An-
alytical models also offer stark reductions in computational cost, when
compared to microstructurally faithful finite element models, as they
do not require meshing [37]. Conversely, though, these models are
generally constrained to a specific class of structure, are not generalised
between structures, and do not usually extend to the large strains seen
under impact [3,4,39,40,48–50].

Given that hexagonal honeycombs are found throughout structural
engineering, mechanical metamaterials, and in biological systems (to
name a few), large strain analytical models for these receive notable
interest (e.g. [3,4,39,40,48–50]). Such analytical models have low set
up and computational costs, and have been used to estimate the com-
pressive response up until, and slightly beyond, the point where cells
and cell walls buckle [4,40,39,17,51,48–50]. Under impact the stress
vs. strain plateau phase between cell wall buckling and self-contact
between cell walls (Fig. 1) is critical to performance; allowing energy
absorption with minimal force increase (often proportional to injury
risk - [1–11]).

This paper presents and validates a new analytical modelling ap-
proach for six-sided, centre-symmetric honeycombs under low-speed
impacts, then uses the model to undertake a parametric optimisation.
The structure is: introduction of the analytical modelling method,
then experimental and microstructurally faithful FE validation and
verification, leading to a parametric optimisation, followed by com-
bined results and discussions. Editable Matlab implementations of the
modelling and optimisation tools are made available [52].

2. Methods

2.1. Analytical modelling methods

As with traditional analytical models for honeycombs, [4,40,17],
effective properties were obtained from cell geometries. As the load
cases were all uniform compression and flat-plate impact, direct map-
ping between local and global stiffness matrices, stress and strain,
and force and displacement, were assumed. During compression, most
hexagonal honeycombs (or lattices and related systems) have three
(well documented) deformation regions [4] (Fig. 1). At low levels of
compression, the stress vs. strain response is linear. At approximately

Fig. 1. Example honeycomb compressive response.

5% compression, cell walls may buckle — causing a relative plateau re-
gion whereby stress remains nearly constant, while compressive strain
increases. Then, as density increases, cells walls undergo self-contact,
causing a stark stiffness increase, tending towards that of the base
material [4].

2.1.1. Pre-buckling
The geometry of a centre-symmetric, six sided honeycomb can be

described by the angle of the oblique wall relative to the x-axis (𝜃),
wall thickness (𝑡), oblique wall length (𝑙), vertical wall length (ℎ),
and cell orientation (𝜙) (Fig. 2a to e). Normalisation was undertaken
to simplify the presentation of the equations for the local stiffness
matrix of the unit-cell relative volume element; all dimensions were
divided by the length of the oblique wall (𝑙). The depth of the relative
volume element (𝑤) was also set to be equal to the oblique wall length
(i.e., unity). During the relatively linear region of honeycomb stress
vs. strain response, deformation occurs via. wall compression/tension,
hinging at the junctions, and wall flexing (Fig. 2f to i).

The low-strain, elastic response of hexagonal honeycombs can be
calculated based on unit-cell geometries, and base material proper-
ties [4,40,39]:

𝜈𝑥𝑦 =
sin 𝜃 cos2 𝜃

(
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𝐾ℎ𝑓

− 1
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Fig. 2. Hexagonal honeycomb unit cell (a) dimensions (regular honeycomb), (b) to (e) examples of modified cell parameters; (b) increased wall thickness, (c) longer vertical wall,
(d) decreased (negative) oblique wall angle, and (e) global rotation (of 30◦), and (f) to (i) deformation types; (f) stretching walls, (g) hinging at wall junctions, with the relative
length over which hinging would occur (𝑞) covering none, half, and all of the joining walls, shown in red in the excerpt, (h) flexing walls, and (i) cell rotation. Lighter dashed
lines show undeformed regular cell.

whereby 𝐸, 𝜈, & 𝐺 are Young’s modulus, Poisson’s ratio, and shear
modulus (respectively). The two subscripts denote loading direction
and plane (respectively). Force constants for flexing (𝐾𝑓 ), hinging (𝐾ℎ),
and combined flexing and hinging (𝐾ℎ𝑓 ) are normalised to that of wall
stretching (𝐾𝑠):

𝐾𝑠 =
𝐸𝑠𝑤𝑡
𝑙

(6)

𝐾𝑓 =
𝐸𝑠𝑤𝑡3

𝑙3
(7)

𝐾ℎ =
𝐸𝑠𝑤𝑡3

6𝑙2𝑞
(8)

𝐾ℎ𝑓

𝐾𝑠
= 𝑡3

𝑙2 + 6𝑙𝑞
(9)

whereby the subscript 𝑠 denotes a property of the constituent material,
and 𝑞 is the length of the wall where hinging takes place [40]. Hinging
can also happen via. shearing of wall junctions, but the developed force
constant is generally high, so there is negligible deformation [40,39].
Previously, 𝑞 has been approximated as around 0.1 to 0.2 [40,39]. Here,
a curve was fit based on cell geometry, and parameters observed to
either increase or decrease the relative hinge length:

𝑞 =
𝑞𝑐0

𝑡 × ℎ𝑞𝑐10 × cos𝑞𝑐2 (𝛷𝑞𝑐3 )
(10)

whereby 𝑞𝑐0 = 0.45, 𝑞𝑐1 = 𝑞𝑐2 = 2, 𝑞𝑐3 = 3, and 𝛷 is the angle
between the loading direction and a plane of symmetry (Supplementary
Materials S4). The coefficient q was limited to between 0 and 1 [40].

The homogenised/global strain (𝜖) terms in the 𝑥 and 𝑦-axis are:

𝜖𝑥 = ln
(

𝑋
𝑋0

)

= ln
(

𝑙 cos 𝜃 − 𝛿 sin 𝜃
𝑙0 cos 𝜃0 − 𝛿0 sin 𝜃0

)

(11)

𝜖𝑦 = ln
(

𝑌
𝑌0

)

= ln
(

ℎ + 𝑙 sin 𝜃 + 𝛿 cos 𝜃
ℎ0 + 𝑙0 sin 𝜃0 − 𝛿0 cos 𝜃0

)

(12)

whereby 𝑋 and 𝑌 are the unit cell side lengths, 𝛿 is wall deflection due
to flexing, and the subscript 0 denotes a dimension before deformation.

The strain dependent off-axis loading of hexagonal honeycombs can
be calculated using standard elasticity tensor transformation [40,39,
53]. The expression for the Poisson’s ratio, when loading is offset by
an angle (𝜙) (Fig. 2e), is:

𝜈𝑦𝑥(𝜙) = 𝐸𝑦(𝜙)

[

(cos4 𝜙 + sin4 𝜙)𝜈𝑦𝑥
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− cos2 𝜙 sin2 𝜙
(

1
𝐸𝑥

+ 1
𝐸𝑦

− 1
𝐺𝑥𝑦

)

]

(13)

where;

𝐸𝑦(𝜙) =
[

cos4 𝜙
𝐸𝑦

+ cos2 𝜙 sin2 𝜙
(

1
𝐺𝑥𝑦

−
2𝜈𝑦𝑥
𝐸𝑦

)

+ sin4

𝐸𝑥

]−1

(14)

and;

𝜖𝑦(𝜙) = 𝜖𝑦 cos2 𝜙 + 𝜖𝑥 sin
2 𝜙 (15)

Equations for the orthogonal values 𝐸𝑥(𝜙), 𝜈𝑦𝑥(𝜙), and strain 𝜖𝑥(𝜙),
are not required, as these can be obtained by adding 90◦ to the offset
angle. Stress (𝜎) at strain increments during the region of deformation
is:

𝛥𝜎𝑥 = 𝐸𝑥𝛥𝜖𝑥 (16)

𝛥𝜎𝑦 = 𝐸𝑦𝛥𝜖𝑦 (17)

which can be combined using tensor notation:

∇ ⋅ 𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙∇ ⋅ 𝜖𝑖𝑗 (18)

whereby C is a rank-4 elasticity tensor. Integrating in the limit of
infinitesimal strain:

∫

𝜎𝑖𝑗

𝜎𝑖𝑗(0)
∇ ⋅ 𝜎𝑖𝑗 = ∫

𝜖𝑘𝑙

𝜖𝑘𝑙(0)
𝐶𝑖𝑗𝑘𝑙∇ ⋅ 𝜖𝑘𝑙 (19)

equation 18 becomes:

𝜎𝑖𝑗 = 𝐶𝑖𝑗𝑘𝑙 𝜖𝑘𝑙 + 𝜎0𝑖𝑗 (20)

whereby the superscript 0 denotes the undeformed state. Eq. (20) can
be summed over increments of strain (n):

𝜎𝑛+1𝑖𝑗 = 𝐶𝑛
𝑖𝑗𝑘𝑙 (𝜖

𝑛+1
𝑘𝑙 − 𝜖𝑛𝑘𝑙) + 𝜎𝑛𝑖𝑗 (21)

providing a constitutive equation to calculate stress at various incre-
ments of strain.

2.1.2. Buckling
A column, wall, or slender cell, will buckle when subject to a

(predictable) compressive load. The onset of buckling in a cell wall
happens when axial compressive force reaches a critical value (𝐹𝑐)
[4,54,55]:

𝐹𝑐 =
𝑛2𝑐𝜋

2𝐸𝑠𝐼
𝐿2

(22)

whereby 𝐼 is the column’s 2nd moment area (𝑤𝑡3∕12 for rectangular
sections), and 𝐿 is the column’s length. The constant 𝑛𝑐 relates to
degrees of freedom of columns ends, and the shape which the buckled
column takes [54]. Regular hexagonal honeycomb cells have three typ-
ical buckling modes, although only one usually occurs during uniaxial
compression [17]. Buckling of two walls around each junction, and
rotation/flexure of the third, causes adjacent rows of unit cells to rotate
in opposite directions, breaking symmetry to become chiral [4,56–
58,17], (Fig. 3a). The constant 𝑛𝑐 is usually estimated after collecting
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Fig. 3. (a) Asymmetric vertical wall buckling and cell rotation of a honeycomb in compression, (b) Half a buckling wall — where by the respective solid and dashed grey lines
represent the compressed and buckled walls, and the origin marks the centre of the wall.

empirical data [4,56–58], so is unsuitable for a predictive model where
cell parameters can change.

The closed form terms to predict the buckling of regular honey-
combs are based on a non-dimensional value Q [17]:

𝑄𝑖𝑗𝑘 =
√

3
√

3𝜎𝑖𝑗𝑘 (23)

where the indices 𝑖, 𝑗, or 𝑘 denote normal stress parallel to the vertical
wall (ℎ), or either oblique wall (𝑙1 or 𝑙2):

𝑄𝑖 tan
(

𝑄𝑖
2

)

−𝑄𝑗 cot
(𝑄𝑗

2

)

−𝑄𝑘 cot
(

𝑄𝑘
2

)

≈ 0 (24)

which can be rearranged to predict which of the three joining walls
will cause buckling. As buckling can occur for Eq. (24) solutions close
to zero [17], local minima of the square of the output of Eq. (24), that
were also less than one, were selected to define the onset of buckling.

2.1.3. Post-buckling
Buckling causes wall flexure and hinging. Consider the vertical

wall (ℎ), following application of a load in the 𝑦-axis (Fig. 3b), and
symmetric buckling (noting that ℎ can be exchanged for 𝑙 when the
oblique walls buckle). The length at the point of buckling (ℎ𝑐) may
be lower than the curved wall length (ℎ0), which is the same as the
wall’s unloaded length (following the assumption that any normal load
is removed at the point of buckling). The buckled wall is assumed to
be symmetric. A function of the chord length (ℎ𝑐), arc length (ℎ0) and
angle of deflection (𝜑):

𝑓𝜑 = sin(𝜑) −
ℎ𝑐
ℎ0

𝜑 = 0 (25)

cannot be directly solved for 𝜑, but can be approximated numerically
using the Newton–Raphson method [59]:

𝜑𝑛 = 𝜑𝑛−1 −
𝑓𝜑𝑛−1
𝑓 ′𝜑𝑛−1

(26)

where:

𝑓 ′𝜑 = cos(𝜑) −
ℎ𝑐
ℎ0

(27)

Here, an initial estimate for 𝜑, of 10◦, was used, and 𝑛 = 10 iterations
were specified for convergence, although convergence was generally
reached when 𝑛 reached 5 (with |𝜑𝑛+1 − 𝜑𝑛| reaching < 1𝐸−8). Given
that the radius of curvature (𝑅) is ℎ0∕2𝜑, the maximum deflection from
the neutral axis (𝜄) is:

𝜄 = 𝑅 cos(1 − 𝜑) =
ℎ0
2𝜑

cos(1 − 𝜑) (28)

Knowing the flex in the vertical wall, and length of hinge at the
wall junction, it is possible to introduce flexure constants (e.g., 𝐾ℎ𝑓𝑏),
which take the form of the previous force constants (e.g., 𝐾ℎ𝑓 ), and
are calculated in the same way (Eqs. (6) to (9)), exchanging 𝑙 for ℎ as
needed. The term 𝑞 is set to the wall length (e.g., ℎ0), based on the
assumption that the whole wall forms a hinge. While these relate to a
pair of walls in each unit cell, buckling of one unit cell typically causes
buckling of the other two walls at each junction [4,17]. These are also
assumed to cause junctions to move towards each other, acting in the
same direction as 𝐾𝑠. So, these force constants were divided by 3, and
combined with 𝐾𝑠:

𝐾𝑠ℎ𝑓𝑏 =
[

1
𝐾𝑠

+ 1
𝐾ℎ𝑓𝑏

]−1
(29)

The change in effective wall length (i.e., distance between junctions)
following the application of a known stress can now be calculated. Two
force constants contribute to the deflection:

𝐾𝑓𝑏 = 𝛥𝐹∕𝛥𝛿ℎ (30)

𝐾ℎ𝑏 = 𝛥𝑀∕𝛥𝜑 (31)

whereby:

𝛥𝐹 =
𝛥𝜎𝑦𝑋 sin𝜑

2
(32)

𝛥𝑀 =
𝛥𝜎𝑦𝑋𝜄 sin𝜑

2
(33)

so, for each buckling, vertical wall:

𝛥𝛿ℎ𝑏 =
𝛥𝜎𝑦𝑋 sin𝜑

2𝐾𝑓𝑏
(34)

𝛥𝜑 =
𝛥𝜎𝑦𝑋𝜄 sin𝜑

2𝐾ℎ𝑏
(35)

when normalised to depth. 𝜑 changes with wall rotation:

𝛥𝜑 =
𝛥𝜃𝐾ℎ𝑓

𝐾ℎ𝑓𝑏
(36)

For flexure in the limit of infinitesimal deformations:
𝑑𝛿ℎ𝑏
𝑑𝜑

=
𝐾ℎ𝑏
𝜄𝐾ℎ𝑓

𝑑𝜑 (37)

so:

∫

𝛿ℎ𝑏

𝛿ℎ𝑏(𝑐)
𝑑𝛿ℎ𝑏 =

𝐾ℎ𝑏
𝜄𝐾ℎ𝑓 ∫

𝜑

𝜑𝑐

𝑑𝜑 (38)
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Fig. 4. Schematic showing dimensions and test/simulation set up for honeycombs with (a) one, (b) three and (c) 5 cells aligned vertically.

giving:

𝛿ℎ𝑏 =
𝐾ℎ𝑏
𝐾ℎ𝑓

𝜑 − 𝜑(𝑐)

𝜄
+ 𝛿ℎ𝑏(𝑐) (39)

The distance between junctions that contributes to the global strains
is updated (ℎ = ℎ𝑜+𝛿ℎ), so the terms for strain (Eqs. (11) & (12)) remain
unchanged. As the model predicts only buckled dimensions, there is
a jump in strain after buckling. A linear interpolation of dimensions
was used to allow better prediction of energy, and the onset of self
contact/densification, through the buckling region.

For cases where the oblique walls buckle first, Eqs. (25) to (39)
remain the same, although the buckling wall in the 𝐾ℎ𝑓𝑏 calculation
is exchanged form ℎ to 𝑙 (not included here for brevity). Incremental
Poisson’s ratios were obtained from the relative strains, while terms
for the various moduli (Eqs. (1), (2) and (5)), and resulting stresses
(Eq. (21)), were calculated as before (using the updated force constants
and dimensions).

Considering asymmetric buckling, the unit-cell rotation develops
over time. A-priori estimation of relationships between cell rotation and
external loading are challenging [60,43]. Such micropolar materials
(those showing internal rotations) are often characterised experimen-
tally, or using microstructurally faithful numerical approaches [61,37,
62]. In the assumption of infinite unit-cells, the macroscopic effect of
micropolar tensors vanish, although the effect of unit cell orientation
on macroscopic properties would not (e.g., Eqs. (13) to (15)). Here the
effect of rotation on the homogenised response is considered (Eqs. (13)
to (15)), rather than that of the strain energy stored by the rotation
(i.e., micropolar effects [43]).

To obtain a relationship between unit cell rotation after the point
of buckling (𝛥𝛷), and applied compression, recall Fig. 3b, related to
buckling of the vertical wall:

𝛥𝛷 = tan−1
(

2𝜄
ℎ𝑦

)

(40)

where the subscript 𝑦 denotes the vertical length of ℎ𝑦. Should the
oblique wall buckle:

𝛥𝛷 = tan−1
(

2𝜄
𝑙𝑦𝜃

)

(41)

Noting:

𝛷 = 𝛥𝛷 +𝛷0 (42)

After buckling, the newly developed deformation mechanism may
cause the force that the structure can support to reduce. Such behaviour
causes a response that is similar to negative stiffness [63]; with force

reducing as deformation increases. To prevent divergence between
experimental or FE data and the analytical model, an if statement
was used, such that if the product of the post-buckling modulus and
global strain were less than the current stress, the applied incremental
modulus (Eq. (14)) was multiplied by −1.

2.1.4. Self contact
The onset of the final deformation region, self-contact/densification,

is approximated based on the distance between the centre of opposing
cell walls. With cell rotation, and non-uniform flexure along cell walls,
it is possible that first contact may not happen at the centre of the
cell walls. To accurately simulate such self-contact would likely require
a numerical rather than analytical model. As self-contact should be
avoided when designing protective equipment [4,64], a safety factor
was defined in the function approximating its onset, to reduce the risk
of the analytical model over-predicting the point of self-contact. To
apply the safety factor, relative wall thickness was multiplied by four,
rather than the value of two that would be expected, as the distance
between the two walls is a function of both of their thickness. With
this safety factor applied, self-contact between opposing cell walls in
the cell’s 𝑦-axis would require:

ℎ + 2𝑙 sin 𝜃 − 2(|𝛿ℎ + 𝛿𝑏|) cos𝛷0 − 4𝑡| sin 𝜃| ≤ 0 (43)

or, in the cell’s x-axis:

𝑙 cos 𝜃 − |𝛿ℎ| sin𝛷0 − 4𝑡| cos 𝜃| ≤ 0 (44)

If either of the above conditions were met, modulus was approxi-
mated as the product of relative density and the relative modulus of
the base material (as suggested before [4]), while Poisson’s ratio was
that of the base material.

2.2. Validation and verification

2.2.1. Design and fabrication
Honeycomb geometries (Table 1) were designed in computer aided

design software (Dassault Systèmes, SolidWorks 2020). Group 1 (1,
3 & 5 cell variations with the same relative dimensions, Table 1)
were fabricated and tested. All geometries were analysed numeri-
cally and analytically. Honeycombs were made by fused deposition
modelling (Ultimaker 3.0), from thermoplastic polyurethane (Fillamen-
tum/addi(c)tive polymers, TPU 98a [65]). A 0.2 mm layer height, and
100% infill were used, with the print path aligned along the length
honeycomb walls.
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Table 1
Honeycomb parameters varied within each group (excluding repeats).

Group: 1 2 3 4 5 6

Cells 1,3,5 3 3 3 3 3
𝜃0 (◦) 30 −20,10,0,15,30,45 30 30 30 30
𝛷0 (◦) 0 0 15,45,90 0 0 0
𝑡 0.10 0.133 0.133 0.05,0.2 0.133,0.2 0.133
ℎ0 1 1 1 1 0.75,1.5 1
height (mm) 48 40,49,45,40,48,53 50,48,48 48 54,42 48.5,44
width (mm) 20,40,30 43,45,46,44.5,40,33 38,30,38 40 58,35 40

Group 1: number of cells, 2: 𝜃, 3: 𝛷, 4: 𝑡, 5: ℎ, and 6: length of walls above/below the top and bottom
cells. All samples were 40 mm deep. The asterisks in group 5 denote.

2.2.2. Experimental validation
The mass of honeycomb samples was recorded (Sartorius, AC210S),

and compared to estimated values from the geometries and filament
density (1200 𝑘𝑔∕𝑚3 [65]). Honeycomb samples were compression
tested using a mechanical test device (Hounsfield HK10s, 1 kN load
cell, sampling at 30 Hz, Fig. 4), up to an effective compressive engi-
neering strain of 80%, at an effective strain rate of 0.01 𝑠−1. The same
honeycombs were then impacted with a flat plate on a bespoke, guided
mass drop rig [66,67], at 1, 3 and 5 J (m = 2.615 kg, v = 0.88, 1.52,
and 1.96 m/s, respectively - Fig. 4). Tests were filmed with a high-
speed camera (Phantom Miro, R111 & Nikon, AF Nikkor 14,585 mm
lens, 1200 × 800p, 24 Hz for compression tests, 500 × 300p, 8000 Hz
for impact tests). Force was measured by four load cells (208C05-
Force Sensor, PCB Piezotronics, sampling at 50 kHz), placed between
the 10 mm thick carbon-steel plate the samples were resting on, and
a massive anvil. Force data was filtered using a two pole, low-pass
butter-worth filter with a cut off frequency of 5000 Hz. Displacements
(the double integral of acceleration data from the force plate) were
checked by tracking a dot on the impactor within camera footage
(Supplementary Materials S3).

2.2.3. Numerical verification
The simulations matched the quasistatic and impact tests (Fig. 4).

Hexahedral solid elements were used, with minimum element size set
to a third of wall thickness (see Supplementary Materials S2 for mesh
convergence study). To reduce computational cost, the honeycomb ge-
ometries were sliced to a thickness of 1 mm (0.3 mm for 5-cell samples,
where thinner walls required a finer mesh). Deformation parallel to the
honeycomb extrusion direction was set to zero on the sliced honeycomb
faces, to prevent the thin geometries buckling, creating a quasi-2D
problem while allowing the LS-Dyna self-contact formulation. Steel
plates were used to apply deformation (by fixing one and setting an
initial velocity or displacement on the other). These plates were made
rigid for the impact simulations.

For the quasi-static simulations (ANSYS Mechanical, via. Ansy Work-
bench 2023 R1), bonded contacts were set between the compression
plates and the samples. Frictional contacts (𝜇 = 0.7) were defined
between pairs of faces expected to undergo self contact, with a damping
stabilisation factor of 0.1. Measured properties (Table 2), which were
similar to those in the material data sheet, were applied [65] (see
Supplementary Materials S1).

For the impact simulations (LS-Dyna, via. Ansy Workbench 2023
R1), methods were adapted from previous work using similar mate-
rials, load cases, and structures [35]. Frictional contacts (with static
& dynamic 𝜇 = 0.7) were defined both between the plates and the
honeycombs, and for self-contact between honeycomb walls. For both
the rigid body contacts (between plates and honeycomb), and the self
contacts, the segment-based contact setting, soft = 2 was applied. A
time-step safety factor of 0.9 was used, with a maximum number of
cycles of 108, over the ≤60 ms simulations. The default hourglass
control (Flanagan–Belytschko Stiffness Form with exact volume inte-
gration; LS-DYNA ID (5) of 0.10) was used, with the default settings
of quadratic bulk (1.5) and linear bulk (0.06). A first order polynomial
hyper-elastic material model with a five term Prony series was applied

Table 2
Material properties and models — see Supplementary Materials S1 for characterisation.

Material model Co-efficient value

1st Order polynomial (MPa) 𝐶00 𝐶10 𝐶01
0 −47.563 63.548

Prony Series 𝛼𝑖(MPa) 𝛽𝑖
i=1 52.00 10.0
i=2 31.97 1.05
i=3 18.22 0.10
i=4 15.35 0.02
i=5 15.03 0.01

Properties
𝜌 (kg∕m3) 𝐸 (MPa) 𝜈 (kg∕m3) 𝐺 (MPa)
1200 114.00 0.45 34.45

(Table 2). All LS-Dyna acceleration data was filtered in MATLAB to
remove vibrations, using two to four pole, low-pass butter-worth filters
with cut off frequencies of ∼2000 Hz.

2.2.4. Optimisation
An optimisation was undertaken for a 10 J impact of a 48 mm tall,

40 × 40 mm cross-section sample, using the analytical model, based on
the established cellular solid selection requirements, that impact energy
should be absorbed close to the point of densification [4,56]. A 15%
factor of safety was defined (i.e. the optimisation was undertaken for an
11.5 J impact), based on model limits of agreement (see Supplementary
Materials S6). Cell wall angles (𝜃) between −20◦ and 45◦ with 5◦

increments were first trialed, with the objective of maximising the
length of the relative stress plateau. The optimal angle was stored, and
the relative length of the vertical cell (ℎ0) was varied by increments
of 0.01 between 0.75 and 1.5, with the same objective. Finally, the
relative wall thickness was varied in increments of 0.01, so that the
model predicted that all 11.5 J would be absorbed at a deformation
marginally below the point of self contact/densification. Impacts of
the final honeycomb geometry, and of stiffer/softer variants, were
simulated in LS-Dyna, with the same settings as before (adjusting cell
sizes to fit the required geometry).

3. Results

3.1. Experimental validation

Honeycomb compression generally followed the three well-known
stages: linear (wall stretching, flexing and hinging), buckling induced
stress plateau, then self contact (Fig. 5), as expected [4]. Between
buckling and self-contact, rows of cells rotated in opposite directions, as
expected [17]. Buckling happened two rows at a time, usually starting
in the centre of samples, where edge effects (i.e. fewer constraining
cells) were present. Both FE outputs and video footage were visually
similar, with deformation vectors and contour plot values also matching
(Fig. 5).

Close fit (i.e. force within 5% at equivalent displacement incre-
ments) was seen between experiment and FE simulation, both during
quasistatic tests (Fig. 6) and impact tests (Fig. 7). The analytical model
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Fig. 5. (a) to (e) FE contour plots, and (f) to (j) test footage (with vectors from GOM Correlate in f) and (g)) showing total deformation during the static analysis of a 3-cell
honeycomb (a) & (f) uncompressed, (b) & (g) before buckling, (c) & (h) immediately after buckling, (d) & (i) at the onset of self-contact, (e) & (j) at maximum compression.

Fig. 6. Force vs. displacement for tests and numerical/analytical simulations of honeycombs in compression, with (a) one, (b) three and (c) five cells aligned vertically.

was then usually within ∼15% of the FE and experimental data —
see Supplementary Materials S6. Contact of unconnected walls in the
single cell honeycomb increased error between FE and experiment
(to within 10% - Figs. 6a, 7a, d, g). The analytical model did not
reflect this non-homogenised response, and so exhibited large error
when non-connected walls contacted plates (Figs. 6a, 7a, d, g). The
five-cell honeycomb impact tests and simulations still featured these
unconnected walls, although their effect was relatively small, and so
large errors were not seen (Fig. 7c, f, i).

3.2. Numerical verification

Following validation of the FE modelling approach, further verifi-
cation of the analytical model was undertaken, by comparison to the
FE model, using 3-cell honeycombs (Fig. 8). Again, analytical model
forces at equivalent displacements were generally within ∼15% of the
FE data, as were peak forces and displacements (see Supplementary
Materials S6). In some simulations, response after self-contact differed;
the assumption in the analytical model that the response tends towards
that of a continuum solid did not hold throughout, (e.g., 𝜙 = 15◦ in
Fig. 8d, & all samples in Fig. 8e). Indeed, contact between cut walls
and structural collapse of the whole honeycomb after self contact were
seen during FE simulations of these impacts (Fig. 8d, g, h, i).

3.3. Optimisation

The optimisation suggested a honeycomb geometry with 𝜃 = 45◦, ℎ0
= 1.15, and 𝑡 = 0.15 would reduce peak impact force from the initial
∼2000 N to ∼500 N (see Supplementary Materials S5 for iterations).
The FE verification approximately agreed with the analytical model
(Fig. 9), and demonstrative cases used to show the effect of stiffening
(𝜃 = 45◦, ℎ0 = 1.2, and 𝑡 = 0.16) or softening the honeycomb (𝜃 = 30◦,
ℎ0 = 1, and 𝑡 = 0.1, as used in the validations (Figs. 6 & 7)).

4. Discussion

The analytical model can approximate the response of honeycombs
under large strain compression and impact, predicting force and dis-
placement within ∼15% of experiments and FE simulations (Figs. 7, 8,
& 9, Supplementary Materials S6). The limits of agreement for energy
absorbed at various displacement increments were between +15 and
−9% of the FE simulations, with the analytical model typically predict-
ing 3% higher energy at each increment (Supplementary Materials S6).
The difference between the two models was caused by fluctuations in
force readings in the FE model and experiments, but not the analyt-
ical one. Assumptions that contributed to these differences included
sequential buckling of rows of cells [29,4,17], use of a rate adjusted, but
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Fig. 7. Force vs. displacement for tests and numerical/analytical simulations of honeycombs during (a) to (c) 1 joule impacts, (d) to (f) 3 joule impacts, (g) to (i) 5 joule impacts,
with (a), (d), & (g) one, (b), (e), & (h) three and (c), (f), & (i) five cells aligned vertically.

constant, modulus for the intrinsic material, and simplification of self-
contact. Knowing it is limitations, the analytical model was used, with
a safety factor of 15%, for a parametric optimisation (Fig. 9), reducing
peak impact force by a factor of four, compared to a geometry used
in the validations. The run time for the optimisation (with 32 trial
geometries) on a laptop with 16 GB RAM was 0.6 seconds. Each FE
simulation took between one and four hours on the same laptop. The
reduction in optimisation time is indicative of reduced computational
costs. The FE simulation time could be reduced by using more powerful
CPU’s, while the analytical model solver time would increase when
using less powerful CPU’s. As such, the model shows potential for
efficiency savings within design cycles. It could be used to pre-select
structures for FE or experimental optimisation, reducing the number of
cycles required, or where time and data constraints prevent training of
a machine learning model [46,20,38].

The analytical model used established functions to define the linear
elastic region [4,40,39], and onset of buckling [17,51]. After buckling,
new response functions were adapted from established ones [4,40,39],
by modifying the relative length over which buckling occurs, and defin-
ing rotation of the unit-cells. Such responses are clearly seen in previous

work, [4,17,51], although previous work has not reported analytical
calculation of their effect (Eq. (23) to 42). The approximation of the
onset of densification (Eqs. (43) and (44)) can be visually checked
against force displacement plots, videos of compression and impact
tests, and FE deformation maps (Figs. 5 to 9). The point of self contact
was within 10% of the experimental/FE model value, and generally
happened earlier in the analytical model, based on the applied safety
factor.

The affect of passing, or not passing, the point of self contact/
densification can be stark, while overly stiff samples also exhibit mod-
erately higher peak forces (Fig. 9). These results highlight that certain
parameters clearly affect proximity to the point of self contact. Chang-
ing wall thickness (Fig. 8a) affects stiffness — via. hinging, flexing
and stretching constants, and the relative length over which hinging
occurs (q), as expected [40,4]. Wall thickness also affects the onset
of buckling, via. the wall second moment area [54], and the degree
to which the end of each wall is constrained (𝑛𝑐). Thicker walls also
cause earlier onset of densification, as they will touch at lower levels
of compression [4]. For these flat plate impacts, slender cells with low
buckling strain and late densification were favourable (Fig. 9). Such
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Fig. 8. (a) to (f) Force vs. displacement for FE and analytical simulations of honeycombs with varying cell parameters; (a) wall thickness, (b) length, (c) constraint type, (d) cell
orientation, (e) & (f) wall orientation. All honeycombs with wall thickness above 0.1 were impacted at 15 J rather than 5 J, to show all deformation regions. (g) to (h) show FE
contour plots of total deformation, of (g) 𝜃 = 0◦, (h) 𝜃 = −10◦, (i) 𝜃 = −20◦ . Insert in (d) shows collapse of the 𝜙 = 15◦ sample (same legend as Fig. 5e).

Fig. 9. (a) Force vs. displacement for FE and analytical simulations of the initial and optimised honeycombs during the 10 J impacts, (b) to (d) contour plots showing total
deformation of the (b) initial (soft), (c) stiffened, and (d) optimised honeycombs (i) at the point of impact, (ii) immediately after wall buckling, & (iii) at maximum compression.
Same legend for (b) to (d).
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slender cells also have low transverse stiffness, which can be favourable
in helmets where reducing shear stiffness can reduce harmful rota-
tional accelerations [68]. Changing the oblique cell wall angle (𝜃) to
negative values can cause negative Poisson’s ratio (i.e. the honeycomb
will contract laterally in compression [69,70]), sometimes beneficial
during impacts with concentrated loads [1,71–74]. Here, changing the
cell wall angle to negative values also caused early densification, and
high peak forces (Fig. 8f). Where negative Poisson’s ratio provides
benefits, re-entrant cells could be coupled with long vertical cell walls,
to mitigate early densification (Fig. 8b).

Certain assumptions within the analytical model caused errors,
particularly when a low number of cells were considered (Fig. 7). The
analytical model did not include unconnected cell walls, which may
contact an impactor, or other cell walls. When single cells were used,
wall junctions were free to rotate, meaning the analytical model over-
predicted stiffness (Figs. 6 & 7). Sample edge effects also contributed
to global buckling (Fig. 8). Indeed, care should be taken when notable
divergence from assumptions of homogeneity (i.e. non-direct mapping
between local and global stiffness tensors) are expected. The nega-
tive effective stiffness present after buckling was approximated in this
model, as stress calculations (e.g., Eq. (21)) were cumulative. Further
work could develop analytical models that directly calculate such force
reductions.

A limitation of this model, that is also a known challenge for effi-
cient simulation of such structures under large deformations [37,38],
is the assumption of direct mapping between local and global stiffness.
The analytical model does not simulate the observed locally ordered
buckling, where rows collapsed sequentially (Fig. 5), as seen before [4,
56,55]. Simulating different rows or cells as interconnected springs, or
homogenised units with non-linear elasticity tensors [42,43,45,37,38],
may allow better approximation of the map between local and global
stiffness. The same approach could also facilitate fast design of locally
tuned gradient [75] or hierarchical structures [16–20].

The analytical model contained an approximation of the relative
length over which wall hinging occurred (𝑞), as with other analytical
honeycomb models (e.g., [4,56,17,49,50]). Indeed, this constant, the
negative stiffness approximation, and the Newton–Raphson solution of
bucking wall deflection, are not analytical, and should be interpreted
with care when new constituent materials and sample dimensions
are used. Further work could look to create more rigorous terms for
𝑞, perhaps by studying degrees of freedom around wall junctions in
various sizes of sample, with varying constituent materials.

This study used hyper-elastic materials, low speed impacts, and
compression tests, where substantial dynamic effects (i.e., variable/non-
linear viscoelasticity [35], shock-waves, and micro-inertia), plasticity,
or absolute failure, were not expected. While failure in thin walled
structures often occurs at a similar compression level to elastic buck-
ling [4,17,29], as this is the point at which deformation (particu-
larly tensile and shear strain) increases rapidly, further work could
specifically study and include these.

While the parametric optimisation presented here minimised peak
force, other objectives such as the maximum rate of force application,
or duration over a limiting threshold associated with injury or damage,
would be possible [2,22,23]. The maximum rate of force increase was
either in the linear elastic region, or after densification (if present),
and was similar for the analytical model, and experimental/FE data
(Figs. 6–9). The analytical model also contains unused information
relating to wall flexing, local strain, and cell orientation. The cell
rotations ranged from 0◦ to 45◦, and were estimated to within 15◦ (see
Supplementary Materials S6). These could be used to include plasticity
or damage terms [44], or map micromorphic tensors to define the
connection between local and global stiffness, when assumptions of
homogeneity are not met [43].

Similarly, an expansion of the model to 3D lattices, or other cell
types (e.g., chiral, or featuring different numbers of cell ribs/walls)
would increase design degrees of freedom, with various options being

proposed over the last few decades [76,17,4,35,13]. An interesting
potential for further work could be to apply models such as these
to obtain hyper-elastic material models, or those that also include
terms for plasticity and damage. Only the 2D response was considered
here, while approximating the out of plane response could also allow
fast optimisation during concentrated, indenting loads, or with more
loading orientations.

5. Conclusions

The developed analytical model approximated honeycomb large
strain compression and low-speed impact response. The model agreed
with numerical and experimental data, with force values usually within
∼15% at each deformation increment, over a broad range of cell
geometries. So, the model provides a fast approximation between cell
geometry and response, that was used to suggest an optimal geom-
etry for a given (10 J flat plate) impact, reducing peak force by a
factor of four after a 0.6 second optimisation on a laptop with 16 GB
RAM. The numerical simulations took one to four hours on the same
laptop, indicative of reductions in computational cost. As such, this
model could be used before FE or experimental development cycles,
to improve mechanical metamaterial design efficiency, tune geometric
parameters to suit different user requirements (such as body types or
injury history), or adapt to environmental stimuli.
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