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Abstract

The interaction of water wave with a bottom-mounted surface-piercing porous
cylinder near a rigid vertical wall is investigated by an analytical model newly
developed in the present work within the context of linear potential flow theory. The
image principle is used to transfer the original problem in bounded water into the
equivalent problem of wave interaction with two symmetrical porous cylinders in open
seas in the presence of bi-directional incident waves. The velocity potential is
analytically derived by means of the eigenfunction expansion along with the matching
technique. Furthermore, a new alternative method for the evaluation of wave force is
developed via the application of the Haskind-Hanaoka relation to a porous structure. In
this method, an auxiliary radiation potential is introduced to replace the diffraction
potential for the calculation of wave force. The auxiliary radiation potential used here
is due to the oscillation of a porous cylinder in front of a wall. The image principle is
used again to search the solution of the wave radiation problem in bounded water and
the original radiation problem is then transferred to that due to two porous cylinders

undergoing in-phase or out-of-phase motions in open seas. After the validation of the
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developed model, detailed parametric study is carried out. The porosity of the cylinder,
incident wave heading and spacing between the cylinder and the wall are systematically
adjusted to investigate their effects on the wave force as well as the wave elevation. The
extension of our model to the case of a cylinder array in front of a wall has also been

performed, and the associated phenomenon has been explored.
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Bounded water

1. Introduction

As porous structures are effective at dissipating the unwanted wave energy and
minimizing the environmental impact, they have been widely constructed for the
purpose of shore protection. Currently, porous structures have constituted an important
class of maritime structures and a good understanding of the hydrodynamic properties
of porous structures has long been demanded. Various research works have been

performed to investigate the interaction of water wave with porous structures.

The use of a porous plate as a breakwater has been an attractive option. A porous
horizontal plate submerged at a certain distance below the free surface could not only
largely reduce the reflection coefficient and wave action but also make the transmission
coefficient remain at a low level (Yu and Chwang, 1994). In addition, it allows water
exchange above and below it, thus retains water quality and prevents seawater pollution
(Cho and Kim, 2013). Besides the horizontal porous plate, a vertical plate with suitable
porosity has also been gradually used as a breakwater. The application of a vertical
porous plate can weaken the unexpected surface fluctuation inside the harbor, which is
important for the safe maneuvering of vessels (Li et al., 2006). So far, many researchers
have assessed the functional performance of a horizontal or vertical porous plate as a
breakwater, such as Neves et al. (2000), Cho and Kim (2008), Kee (2009), Evans (2011),
Liu et al. (2011) and Zhao et al. (2017).
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At the same time, the use of a perforated caisson as a breakwater has also been a very
attractive option. Compared with impermeable structures, structures with perforated
parts are normally considered to be easier to construct and more economical. In addition,
the use of perforated structures can avoid local scour as well as the increase in wave
agitation due to the considerable wave reflection (Sankarbabu et al., 2008). Jarlan-type
breakwater consisting of a perforated front wall and an impermeable rear wall (Jarlan,
1961) has been the earliest perforated caisson breakwater. Since then much effort has
been made by researchers in quantifying the functional performance of the perforated
caisson type breakwater and other innovative configurations have been reported, such
as the concentric porous cylinder system (Wang and Ren, 1994; Song and Tao, 2007;
Ning et al., 2017; Liu et al., 2018), perforated caisson with inner plates (Yip and Chang,
2000; Liu et al., 2007b) and arrays of porous columns with rectangular or cylindrical
sections (Williams and Li, 2000; Teng et al., 2004b; Liu et al. 2007a; Sankarbabu et al.,
2008; Chen et al., 2011).

As mentioned above, a porous cylinder or cylinder array can be a promising solution
of a breakwater. Many studies on the behavior of a porous cylinder or cylinder array in
waves have been conducted. Wang and Ren (1994) analytically investigated the wave
interaction with a two-cylinder system consisting of an exterior porous cylinder with
thin thickness and an inner concentric impermeable cylinder. Darwiche et al. (1994)
also conducted research work related to a concentric porous cylinder system, in which
the exterior cylinder is porous near the free surface but becomes impermeable in the
lower part. Williams and Li (1998) extended the analysis in Darwiche et al. (1994) to
the case in which the inner cylinder is mounted on a storage tank. Williams and Li (2000)
dealt with the problem of the wave interaction with multiple porous cylinders based on
the eigenfunction expansion method proposed by Linton and Evans (1990). Zhong and
Wang (2006) developed a theoretical model to study the interaction of solitary waves
with a concentric porous cylinder system. Chen et al. (2011) used the null-field integral
formulation to study the near trapping phenomenon by an array of porous cylinders and

assessed the porous effects and the disorder of the layout on the near trapping

3
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phenomenon. Mandal et al. (2013) applied the Fourier-Bessel series expansion method
in conjunction with the least square approximation to investigate the wave interaction
with an exterior porous and flexible thin cylinder protecting an inner impermeable
cylinder. Liu et al. (2018) presented an analytical method for deriving the velocity
potential for waves traveling through a concentric porous cylinder system with arbitrary
smooth section.

The hydrodynamics of porous structures in open seas have been widely studied. In
the meantime, porous structures, situated at a finite distance from a rigid wall, have also
been gradually built in various projects, such as ship navigation or as an artificial
breeding or nursing ground for sea animals (Koley, et al., 2015). However, the study on
porous structures in front of a rigid wall is very rare, and the problem is still not well
understood. The vertical cylinder is widely used in the maritime engineering. Especially,
the porous cylinder can be adopted as a breakwater in the harbour area to ensure the
natural water circulation for the mitigation of environmental pollutions. Therefore, an
analytical solution is developed in this study to explore the phenomenon of water wave
interaction with a bottom-mounted surface-piercing porous cylinder near a rigid vertical
wall. The wall is assumed to be fully reflective infinite vertical and can be used to
approximate a wharf (Teng et al., 2004a; Zheng and Zhang, 2015). In this new method,
the image principle is used to transfer the original problem in bounded water into the
equivalent problem of wave interaction with two porous cylinders in open seas in the
presence of bi-directional incident waves. The eigenfunction expansion method along
with the matching technique is used to derive the velocity potential. In the equivalent
problem in open seas, the relationship between the Fourier coefficients related to the
real and image cylinders has been established, based on which it can demonstrate that
the no-flow condition is satisfied on the vertical wall. Furthermore, a new alternative
method is developed to evaluate the wave force using the Haskind-Hanaoka relation.
The Haskind-Hanaoka relation was originally established for impermeable bodies (Mei,
2005), and extended to the case of a porous structure by Zhao et al. (2011). In this

method, the wave fore is evaluated based on the introduction of an auxiliary radiation

4
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potential and the explicit solution of the diffraction potential is not required. The image
principle is used again to solve the wave radiation problem due to the oscillation of a
porous cylinder in front of a wall. In the equivalent radiation problem in open seas, the
no-flow condition on the vertical wall has also been discussed. By comparing the wave
force obtained by these two approaches, the validity of the present model is examined.
With the developed model, numerical analysis concerning a porous cylinder in front of
a wall is performed in detail to investigate the effects of porosity, incident wave heading
and distance between the cylinder and the wall on the hydrodynamic properties of the
porous cylinder. The extension of our model to the case of a cylinder array has also
been performed in this study. Numerical results related to an array of porous cylinders
in front of a wall are also presented.

Following the introduction, the mathematical description of the problem is presented
in Section 2. The analytical solution of the velocity potential is introduced in Section 3,
which is followed by the calculation of wave force and wave elevation based on the
obtained velocity potential. The alternative method for the calculation of wave force is
discussed in detail in Section 5. Section 6 shows convergence test and validation of the
analytical model, while the parametric study is carried out thereafter in Section 7, with

conclusions drawn in Section 8.

2. Mathematical model

Consider a bottom-mounted, surface-piercing, thin-walled porous cylinder of radius
a situated near a vertical wall (see Fig. 1). The incident wave of amplitude 4 and angular
frequency o propagates in the water of constant depth d. The minimum distance
between the cylinder and the wall is e. As the vertical wall is assumed to be infinite
long and fully reflective, the hydrodynamic problem can then be transformed into an
equivalent problem of two symmetrical cylinders in the unbounded fluid domain (Teng
et al., 2004a), as shown in Fig. 2 where the left cylinder is the real cylinder, while the
right cylinder is the image cylinder. A global Cartesian coordinate system (Oxyz) is

adopted with an origin located at the middle of the two cylinders on the still free surface.



145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161
162

163

The z-axis directs vertically upwards. The centers of the real and image cylinders are
located at (—R, 0, 0) and (R, 0, 0), respectively, on the still free surface. Two polar
coordinates Ojr;6;z; (j = 1, 2) are defined with their origins locating at (—R, 0, 0) and (R,
0, 0) respectively in the global coordinate system. The z-axis is defined positive
upwards. In this system, the two symmetrical cylinders are subjected to two incident
wave trains of amplitude 4 and angular frequency w propagating in the direction  and
n — f, respectively, relative to the positive Ox axis.

It is assumed that the fluid is inviscid and incompressible with a constant density p,
and that the fluid motion is irrotational. Then, the fluid velocity can be described by the
gradient of the velocity potential @ satisfying Laplace’s equation

V:O(x, 1)=0. (1)

By considering linear harmonic incident wave, the time factor can be separated out and

the velocity potential is then expressed as

d)(x, t) = Re[gzﬁ(r, 0, z)e_i‘”’], 2

where Re[] denotes the real part of a complex expression; w represents the wave angular

frequency; i= J-1.
(a)

Incident waves
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Fig. 1 Definition sketch for a porous cylinder near a vertical wall: (a) side view and (b) plane

view
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Fig. 2 Definition sketch for two symmetrical cylinders in open seas: (a) side view and (b) plane

view

As shown in Fig. 2(a), the unbounded fluid domain is divided into 3 sub-domains:
one single exterior region, Q', and two interior regions, Q; and (. The interior
regions are those inside the real and image cylinders respectively and defined by 0 <7;
<a,j=1,2. a, and a, are the radii of the real and image cylinders, respectively,
and in this study a, =a, =a. The velocity potential in the exterior region is denoted
by ¢", while that in the interior region is denoted by ¢; (=1, 2). Besides Laplace’s
equation, the velocity potential is also required to satisfy appropriate boundary
conditions on the free surface and the impermeable sea bed, namely

a¢/_ B ’

+ 2
09" _w ?¢]— onz=0, j=1,2; (3)

oz E(é’ Oz

+ a B
o o W,
0z oz

onz=-d, j=1,2, (4)

where g is the acceleration due to gravity.
To model the flow separation through porous materials, a quadratic law, relating the
pressure drops to the traversing velocity, has been proposed in some studies, such as

Molin (2011), An and Faltinsen (2013). The numerical predictions of hydrodynamic
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coefficients, added mass and damping, based on the application of quadratic pressure
drops are in good agreement with the experimental results for porous stabilizer, plate
or disk undergoing forced motions (Molin and Legras, 1990; Molin et al., 2007; An and
Faltinsen, 2013; Molin and Remy, 2013). On the other hand, a linear relation between
the pressure drop and the cross-flow velocity has also been developed by researchers,
such as Chwang (1983) by making use of the Darcy’s law and Yu (1995) by applying
the convection-neglected and porous-effect-modelled Euler equation. The linear law
has been applied in many studies to model the wave interaction with structures
consisting of porous cylinders, and the numerical predictions of wave force and wave
runup agree well with the experimental measurements (Sankarbabu, 2007,
Vijayalakshmi et al., 2007; Zhao et al., 2010; Zhao et al., 2012). A bottom-mounted
porous cylinder located in bounded water is concerned in this study, the assumption that
the normal fluid velocity passing through a thin porous wall is linearly proportional to
the pressure difference across the thickness of the wall is therefore adopted. Then,
according to Chwang (1983) and Yu (1995), the boundary condition on the porous wall

can be expressed as follows

og" 0p. . N .
a;i= 8; =1K‘0G0(¢j —¢ ), onr=a;, j=1,2, (%)

where x, is the wave number satisfying the dispersion relation @ = gk, tanhx,d ;
G, 1s the complex linearized porous effect parameter. The real and imagery parts of
G, represent the resistance and inertial effects of the porous wall and are relevant to
the energy dissipation and phase change respectively (Li et al., 2006). The experimental
studies of Li et al. (2002, 2006) suggested that the real part of G, dominates the
imaginary part. Therefore, it is assumed that the imaginary part of G, 1is zero in this
study. It is obvious that, when |GO| approaches 0, the cylinder wall tends to be solid;
while, when |GO| approaches infinity, the cylinder becomes entirely transparent. It is
also noted that the continuity of the normal fluid velocity between interior and exterior

subdomains is mathematically fulfilled by Eq. (5).



210

211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

3. Analytical solution of velocity potential
The presence of the stationary body in the fluid results in diffraction of the incident
wave. The velocity potential in the exterior region, ¢", can then be decomposed into

the incident and diffraction potentials respectively, i.e.,
¢ =4+, (6)

in which, ¢, represents the incident potential; ¢, represents the diffraction potential
in the exterior region. In addition to the boundary conditions in Egs. (3), (4) and (5),
the diffraction potential is also required to satisfy the Sommerfeld radiation condition

at a large radial distance from the structure

lim+/r (‘;ﬁ - l'K‘O¢D) = 0. (7)

r—®

Considering two undisturbed incident waves propagating with the directions f and ©
—pB, respectively, in the constant water depth d, ¢, can be written as:

¢1 —_ l‘jog ZO (Koz)eikoysinﬁ (eir(oxcosﬂ + e—i/roxcosﬁ ), (8)

in which, Z, (KOZ) is an orthonormal function given at the interval [—d, 0] and defined
by

Zy(Kyz) =—————2. ©)

coshx,d

In the jth local polar coordinate system, ¢, can be rewritten as

~+00

¢(r: 0,.2,)= Z Aoty (K77) 2y (02, )€™ (10)
in which

In Eq. (11), I_/ﬂ and I_f‘ﬂ are the phase correction factors associated with the jth
cylinder and defined by

[//g _ eir(n(x,- cos f+y; sinﬁ’)_ I;,,ﬁ _ eiz(n(—x, cos f+y; Sinﬁ), (12)

in which, (xj, Vs 0) is the center of the jth cylinder on the free surface in the global
coordinate system. Following Linton and Evans (1990), the diffraction potential, ¢, ,

9
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is expressed as a summation of waves emanating from different cylinders

N=2 +4x

=> > A4C/H, (Korj)Zo (Kozj)eimg/. (13)

Jj=1 m=—0

In Eq. (13), N represents the total number of cylinders in the imaginary system and it is
two times the number of cylinders in the original problem in bounded water, Ns.
Considering the situation shown in Figs. 1 and 2, N, and N are equal to 1 and 2
respectively; A4’ are the unknown coefficients; the factor C/ is introduced to

simplify the expression of wave force that will be obtained later and defined by

/= S (Koaj) (14)
" H! (Koaj)’

where, H, (x) stands for the first kind of Hankel functions of order m.

In Eq. (13), the waves emanating from the two cylinders are expressed in their
respective local polar coordinate systems. To facilitate the application of the body-
surface boundary condition, it is necessary to express all terms in Eq. (13) in the same
local coordinate system. This can be accomplished by using Graf’s addition theorem

for Bessel functions (Abramowitz and Stegun, 1972)

H, (x,r, )" = i H,., (R, ), (57, )ei(w‘ﬁm’”")e*m’af . (15)

m=—o

In Eq. (15), R, equal to 2R, represents the distance between the centers of the two
cylinders; «, 1is the angle between the x-axis and the vector from the center of
cylinder j to that of cylinder £. Eq. (15) is valid for r, <R, and this is obviously true
on the wall surface of the cylinders. The velocity potential in the exterior region, ¢",

can then be expressed in the jth local polar coordinate system as

¢ (1 0, 2,)= i AT, (k) + ALCIH,, (17, ) + sz f ACN T, (k) | Z (02, )€™
m=—e k=1 n=
k#j
(16)
in which,
Afnlfl = Hn_m (KORkj )(—l)m ei(”akﬁma/k). (17)

According to Williams and Li (2000), the velocity potential in the jth interior region,

10
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¢, can be expressed as

—+00

b (1 0 2))= 2 BT, (507) Zo (502, )™ (18)

m=—o0

in which, B/ are the unknown coefficients. The remaining task is to determine the
unknown coefficients in Eqgs. (16) and (18). By applying Eq. (5) and utilizing the
orthogonal properties of sinmé, cosmé and the vertical eigenfunctions, the following

relationships between 4’/ and B/ can be yielded forj=1,2

N=2 4+

AL+ AL+ D ACIN: =B

m,n m?

(19a)

k=1 n=—o0
k#j

B 16,25 ) g ey ZelS), S g | o
S (Koaj) I (Koaj) k=1, k#j n=—n ’

By combining above equations and making use of the Wronskian relations for Bessel
functions, an infinite system of equations can be obtained. In order to find a solution to

the unknown coefficients 4’ and B/, the system has to be truncated and only 2M +

1 Fourier modes are considered for j = 1, 2 in the present study, i.e.

Aj 1+ 2G0 1 +N22 % AkckAj,k :—Aj' (2()3)
|1 o, Tl A ()| 2 O =
*J

J
26y 4, . (20b)

B./ - _
"k J) (ke ) H) ()

Therefore, two sets of linear equations of equivalent numbers of unknowns can be
established. The linear algebraic equation system can then be solved by means of the
standard matrix techniques. With the obtained coefficients, the velocity potential in
each region can be determined. The no-flow condition on the vertical wall in the
equivalent problem in open seas is discussed in the Appendix. In the imaginary system
in open seas, due to the symmetry of the system, relationships between the Fourier
coefficients related to the real and image cylinders, 4, and A ,have been established
in the Appendix (see Eq. (A6)). Based on the relationships between 4 and A, the

no-flow condition on the vertical wall can be demonstrated.
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4. Calculation of wave force and wave elevation

Once the solution of velocity potential is obtained, some other physical quantities of
interest (e.g., wave elevation, pressure distribution, etc.) may immediately be found.
The wave force and moment can be obtained by the integral of pressure difference
between two sides of the body surface. Then, the amplitudes of the horizontal wave
forces on the real cylinder, f, and f|, are given by

f;; . 027 . B COS&I
{fy}z—la)pal_[ [(# -4 )r]_al{sma}dzldq. 1)

-d 0

Meanwhile, the amplitudes of the wave moments on the real cylinder, m, and m,,

can be determined according to

{:/l’lx} = ia),OCh j f(¢+ _ ¢1—) . {_Sil’l elgl}zleldel- (22)

¥ -d 0 cos

For the calculation of m, and m, , the rotation center is located at the center of the
real cylinder on the still free surface.

Following Linton and Evans (1990) and Williams and Li (2000), the expression of
the velocity potential on the outer wall surface of the real cylinder is simplified by
taking Eq. (20a) into Eq. (16) and making use of the Wronskian relationships for the

Bessel functions, which is given by

+00 1
¢+ (al’ 91’ Zl) __ Z 2Am |:Jn (K()al)GO +i:|ZO (KOZl)eimQ‘. (23)

e TR H,, (Koal) J, (KOal)

Then, evaluation of the integral in Eq. (21) gives:

Lol 1] 2wmp tanhxd( , (-] ,
{fv} - {—l} H]’(Koal) K’g [Al {+}A1] (24)

Similarly, Eq. (22) can be rewritten as:

m i _ +
| _ I ’2a)p 13cosh1<0a’ AL All . 25)
m, | |1 H|(ka,) &; coshx,d -

The wave elevation, 7, can be given in terms of the velocity potential. Around the

real cylinder, 7 can be efficiently evaluated based on the following expressions

12
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n= Aeilcoysinﬂ (ei/roxcosﬂ + e—ifroxcosﬂ) +l_

@ A'C'H, (K‘Ol”j )eimgf , inQ"; (26a)
g .

oy N=2 +
j=

1 m

;!

n= o i B J, (x,r)e™, inQ. (26b)
g m=oo

In Eq. (26a), the first part on the right-hand side results from the incident wave
travelling to the vertical wall without the cylinder, while the remaining parts are due to

the wave emanating from the real and image cylinders respectively.

5. Alternative method for the calculation of wave force

According to Egs. (24) and (25), it is noted that the wave moment can be expressed
in terms of wave force. Therefore, discussion is only made on the wave force in this
work. A new alternative method for the calculation of wave force is developed in this
section. The method is based on the application of Green's second identity with the use
of an auxiliary radiation potential and does not require the explicit solution of
diffraction potential. For the evaluation of the auxiliary radiation potential, the porous
cylinder in front of the wall is no longer fixed and allowed to move in specific directions.
The radiation potential due to the harmonic oscillation in the x- and y-directions (surge
and sway motions) are needed in the calculation of f, and f,, respectively.

Based on the image principle, the wave radiation problem discussed here can be
transformed to the equivalent one due to the motions of two symmetrical cylinders in
unbounded fluid domain. The two cylinders undergo out-of-phase surge motions or in-
phase sway motions. Hereinafter, " represents the auxiliary radiation potential in the
exterior region. Meanwhile, y; represents that inside the real (j = 1) and image (j =
2) cylinders. The auxiliary radiation potential is governed by the Laplace’s equation
and satisfies the homogeneous boundary conditions on the free surface and seabed as
in Egs. (3) and (4). In addition, they also have to satisfy the Somerfield condition at the
far field. On the porous wall surface of the cylinder, the following conditions have to

be satisfied (see, Zhao et al., 2011)
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oy* oy, , -
é/; B ;/rJ =u,(0,)+ix,Gy(w; ~y"), onr =a,. @7)

When the cylinders undergo out-of-phase surge motions, u; (Hj) is defined by

cos@., j=1;
_ J
" (Qj) - {—cos 0, j=2. (28)

When undergoing in-phase sway motions, u, (Hj) is given by

u,(0,)=sing, j=1,2. (29)

Following Teng et al. (2004a), the approach of separation of variables is applied in
each region and yields the velocity potential expressed by the orthogonal series
N=2 +00
+ ~Ni ~i imﬁj .
v’ = Z{ 2 [A,i, o, (50)Zy (2, )+ 241 K, (k) Z, (%2, )} } (302)
j=l | m=—0

y, = Z {f?,; o (zcorj)Zo (Kozj)+i A,{;,,Im (/c,rj)Z, (zc,zj )}M", j=1,2,(30b)

m=—0

in which, 4/, and B/, (I > 0) are the unknown coefficients; X, (x) and 1, (x)
stand for the first and second kind of modified Hankel functions of order m respectively;
&, (I > 1) are the positive real roots of @’ =-gx, tanx,d; Z, (K‘lzj) for /> 1 are
defined by

cosrc,(zj+d)

Z,(xz,) = (31)

cosk,d

Those expressions in Eq. (30) are developed to satisty the Laplace’s equation and all
the boundary conditions except that satisfied on the porous wall surface of the cylinder.

The application of the Graf’s addition theorem for Bessel functions yields

K, (x5, )e" = i K, (Klej )Im (K,rj )ei("% ) g int;. (32)

m=—a0

Eq. (32) is valid in the vicinity of the jth cylinder, ie, r, <R,;. By substituting Egs. (15)
and (32) into Eq. (30a) and replacing m by —m, w" can be expressed in the jth

coordinate system as follows
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+00 N=2 +o

v (e 02, = 2| A o (i )+ 20 20 AL ol (s ) | 2o (e, )™

Mm=—o0 k=1 n=
k#j

33 ALK )+ 2 3 g 1 () |2 (s

m=—o0 [=] k=1 n=
k#j

in which

AFE =K, (kR ), 121,

m,n,l

(33)

(34)

The unknown coefficients in Eq. (33) can be determined by imposing the boundary

condition satisfied on the body surface. By utilizing the orthogonal property of sinmé,

cosmf and the vertical eigenfunctions, the following relationships between 121,,’1 and

B/ can be yielded

A | H (g, ) ¢ —2C +”22§Ak AFET (k0a)) =]
m, 0 m 0™ 7Z'K'0a.]'( j) — 4 m,nY m Ky mO’
k#j
_ 2G, yl S'j;l,o — B/

N (T VA o MR

and

. N=2 +M
~ ix,G, -
J 4 00 AR J
Am,l Km (Klaf)+( )2 I, Z Z n, 1 m,n, [Im( ) Sm,l’
K, a. (Ka) k=1 n=
1 jm 1j oy
. J
ix,G, ~ S A

J > J
2 m, [ ’ m,l°
(x,) al, (K,aj.)]r’n (K,aj) I (K,aj)

When the cylinders undergo out-of-phase surge motions, S,{,’ , 1s given by
r, m=zxl, j=1

Sj’ =<-I'), m==%1, j=2;
0, m=#=l, j=1,2,

in which
sinh 2x,d
. , 1=0;
L (2x,d +sinh 2x,d )
e sin2x,d /51
K, (2xd +sin2x,d)”
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When undergoing in-phase sway motions, S,{,’ , 1s given by
—-il,, m=1 j=12
Si’{l,] = iF,, m= —1’ ] = 1, 2, (39)
0, m=+£l, j=12.
The unknown coefficients can thereby be solved from these complex equations. With
those coefficients being available, the radiation potential at any position in the fluid
domain can be determined. For the wave radiation problem due to the motions of two
symmetrical cylinders in open seas, relationships between the Fourier coefficients

related to the real and image cylinders, Aly , and 4 ,, have been established in the

m m,
Appendix (see Egs. (A12) and (A15)). Discussion on the no-flow condition at the
vertical wall in the equivalent radiation problem in open seas has also been made in the
Appendix.

We next return to the problem of wave diffraction by a porous cylinder situated near
a vertical wall, as depicted in Fig. 1. As shown in Fig. 1(a), the bounded fluid domain
is further divided into the subdomains inside and outside the real cylinder, which are
denoted by Q, and Q respectively. In Q;, the application of the Green’s second

identify to the diffraction potential, ¢, ,and the auxiliary radiation potential, y ", leads

to

5 9% o, (40)
on on

St pUS! US) pUSUSY

In Eq. (40), S, is the outer wall surface of the real cylinder; S, and S/,
represent the seabed and free surface in Q3 ; S, represents the infinite vertical wall;
S+

1, 0

is a semi cylindrical surface at far field and defined by -d <z <0, n/2 <0 <3n/2
and » — +o0; n is the unit vector normal to the surface pointing out of the fluid domain.
As ¢/ and y* both satisfy the Sommerfeld condition at far field, the integral over
S+

1, 0

oscillates towards zero as the radius of S|, goes to infinity. In addition, as the
infinite vertical wall is fully reflective, it is obviously that the integral over S is zero.

Then imposing the seabed and free surface boundary conditions on ¢, and y* gives
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H(;ﬁ[,a“’ 6¢gjds=0. (41)

or
St

In €, the application of the Green’s second identify to ¢ and y, leads to

([ (¢1 8;;‘_—!# aa¢1 jds_o (42)

S[,,US,’,‘,US(_/
in which, S|, isthe inner wall surface of the real cylinder; S, , and S|, represent

the seabed and free surface in QO . Eq. (42) is also true when replacing ¢ with ¢, .

That is

oy, 0|, _
I} (¢, — -y, Ejds_o. (43)

NWASAFISA

After introducing the seabed and free surface boundary conditions satisfied by v, ,

¢ and ¢,, Egs. (42) and (43) can be reduced to

] (gﬁl W _ O st=o, (44)
Sib or
and
jj[¢lal//1 _ 6¢1jds_0 (45)
Sl b
By combining Eqgs. (41), (44) and (45) and making use of Eqgs. (5) and (27), we can
obtain
027 027 ¢
[ &) w(@)adzdb = [(v —vi)L| ad:do.  (@6)
-d 0 = -d 0 or =

After some arrangements, the difference between the auxiliary radiation potential

across the porous wall can be expressed as

/\

(v -v) z{—“ k)3 7 mm} " (@)

i=a mxa ), (k@) S ral (Kla1

To distinguish the radiation potentials related to different motions, hereinafter the
symbols A4/, , and A/, , are used to represent the coefficients associated with the
out-of-phase surge motions and the in-phase sway motions respectively. By substituting

Egs. (10) and (47) into Eq. (46) and utilizing the orthogonal property of sinm@, cosm6
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and the vertical eigenfunctions, we can obtain that

fr <« gylc -m, 0 1 m
7 =4wpN, (x,d) Y SR, (-1 (48)
y m=-x v, —m, 0

in which N, (x,d) represents the inner products of Z,(x,z,) and is given by

_ 2x,d +sinh 2xd
4x,cosh’ k,d

N, (x,d) (49)

From Eq. (48), it can be noted that the evanescent modes of the auxiliary radiation
potential make no contribute to wave force. Eq. (48) relates the wave force on the
cylinder near a vertical wall to the propagation modes of radiation waves due to the
motion of the cylinder. Now an alternative model for the evaluation of wave force is

developed.

6. Convergence test and validation

In the previous sections, two different analytical models have been developed for the
evaluation of wave force on a porous cylinder located in front of a vertical wall.
Hereinafter, the factor pga®4 is used to nondimensionalize the wave force. From Egs.
(24) and (48), it 1s clearly observed that the convergence of wave force from both the
two models depends on the number of Fourier modes. In the numerical algorithm,
totally 2M + 1 Fourier modes (from order —M to order M) have been considered. To
check the convergence characteristics of the present solution with respect to the number
of Fourier modes, calculations are performed for the case of d/a =5, e/a =1, f = n/4
and |Go| = 1. Tables 1 and 2 list the dimensionless wave force based on the two models
as a function of M for different wave frequencies. In these tables, the results referred as
‘Direct’” and ‘Indirect’ are obtained according to Egs. (24) and (48), respectively. By
inspecting the results listed in Tables 1 and 2, the two models both possess good
convergence characteristics. It can be concluded that the use of 21 Fourier modes (M =
10) is sufficient to ensure 4 significant decimals of accuracy and M = 10 is adopted in
all subsequent computations. Meanwhile, in order to confirm the validity of the present

solution, a comparison between the results based on the two models is made.
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Comparison confirms the good agreement. With the same value of M, the two models

can give almost the same results.

Table 1 Convergence test on the dimensionless wave force, |f; /(pga’4)|, on a porous cylinder in

front of a vertical wall with varying M (e/a = 1, f =n/4, |Go| =1 and d/a = 5)

Koa = 0.5 1.0 1.5 2.0

M= Direct Indirect Direct Indirect Direct Indirect Direct Indirect
2 3.6076 3.6076 2.0693 2.0693 0.6360 0.6360 0.1286 0.1286
3 3.6081 3.6081 2.0730 2.0730 0.6296 0.6296 0.1284 0.1284
5 3.6081 3.6081 2.0730 2.0730 0.6297 0.6297 0.1268 0.1268
10 3.6081 3.6081 2.0730 2.0730 0.6297 0.6297 0.1268 0.1268
20 3.6081 3.6081 2.0730 2.0730 0.6297 0.6297 0.1268 0.1268

Table 2 Convergence test on the dimensionless wave force, |f, /(pga*4)|, on a porous cylinder in

front of a vertical wall with varying M (e/a = 1, f = n/4, |Go| = 1 and d/a = 5)

Koa = 0.5 1.0 1.5 2.0
M= Direct Indirect Direct Indirect Direct Indirect Direct Indirect
2 3.9726 3.9726 0.2908 0.2908 0.3994 0.3994 0.2655 0.2655
3.9719 3.9719 0.2906 0.2906 0.4015 0.4015 0.2624 0.2624
5 39719 39719 0.2906 0.2906 0.4015 0.4015 0.2624 0.2624
10 3.9719 3.9719 0.2906 0.2906 0.4015 0.4015 0.2624 0.2624
20 39719 39719 0.2906 0.2906 0.4015 0.4015 0.2624 0.2624

To provide a further check on the validity of the present solution, a comparison with
the published results from Teng and Ning (2003), which were obtained based on the
boundary element method, is made. The case that the incident wave acts on an
impermeable vertical cylinder (|Go| = 0) in front of a vertical wall is concerned in the
comparison. Fig. 3 illustrates the dimensionless wave force corresponding to e/a =1 and
d/a = 1. As the two developed models give almost the same predictions, only those
based on Eq. (24) are presented in Fig. 3. From the comparison shown in Fig. 3, it can
be observed that a good agreement is achieved, which further confirms the validity of

the present solution.
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Fig. 3 Comparison of the dimensionless wave force on a vertical cylinder in front of a vertical wall

(e/la=1,|Go|=0and d/a=1)

7. Results and discussions

With the validation of the present solution, a detailed parametric study concerning a
porous cylinder in front of a wall is performed in which the effects of the porous
parameter Go, the distance between the cylinder and the wall e and the incident wave
heading f on the wave force, wave runup and wave elevation distribution around the
cylinder are investigated. The extension of our model to the case of a cylinder array has
also been performed. Numerical results related to an array of porous cylinders in front
of a wall are also presented. In all the subsequent calculations, the water depth keeps

constant at d/a = 5.

7.1 Wave force a porous cylinder in front of a wall

The effects of the distance between the cylinder and the wall e on the wave force
acting on the cylinder are shown in Fig. 4. The dimensionless wave force is plotted
versus the dimensionless wave number xoa in the cases of varying values of e and a
constant incident wave heading f = 0. In order to get a better understanding, the
situation that a cylinder is placed in unbounded water is also considered and the results
referred as ‘UW’ are corresponding to this situation. In addition, the results shown in
Fig. 4 are corresponding to different porous effect parameters which are varied as |Go|

=0.0, 0.25, 0.5, 0.75 and 1.0. From Fig. 4, it is noted that the influence of Gy is very
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evident and the wave force acting on a porous cylinder are obviously reduced,
compared with those acting on an impermeable cylinder (|Go| = 0]). By comparing the
results for different values of e, it is noted that the wave force experienced by a cylinder
in front of a wall behaves an oscillation around that acting on a cylinder placed in
unbounded water. The oscillation of the wave force with xoa is found to depend on the
distance between the cylinder and the wall. The larger the value of e is, the more
frequently the wave force oscillates with xoa. When a cylinder is placed in the
unbounded water (see Fig. 4d), the behavior of the results with |Go| > 0 is different from
that with |Go| = 0 and there exists an obvious zero-excitation frequency at which the
structure endures no wave force. This is mainly due to the cancellation between the
wave action on outer and inner wall surfaces of the porous cylinder. The obvious zero-
excitation frequency can also be observed when a porous cylinder is placed in the

bounded water (see Figs. 4a, 4b and 4c).
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Fig. 4 Magnitude of the dimensionless wave force on a porous cylinder in front of a wall for different

values of |Gy| with f =0 and d/a=5 (a) e/a=1 (b) e/la=2 (c) e/a=3 (d) UW
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The influence of the wave heading £ on the wave force is illustrated in Fig. 5 with e
and |G| fixed at 2a and 1, respectively. Meanwhile, the incident wave heading is varied
as f/r = 1/16, 1/8, 3/16 and 1/4. Each curve in Fig. 5 is characterized by an obvious
peak in the low frequency region. For the wave force components in the x- and y-
directions, this obvious peak is gradually amplified and reduced, respectively, as
increases, which is attributed to the changes in the projection area of wave action.
Besides the obvious peak, small oscillations can be found in the high frequency region.
The peak frequencies of these small oscillations move gradually to the high frequency

region as f§ increases.

(a) (b)
8.0 1.5
- fim=1/4 f’* == fin=1/4
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Fig. 5 Magnitude of the dimensionless wave force on a porous cylinder in front of a wall for different

values of 8 with e/a = 1, |Go| = 1 and d/a =5 (a) | /i (pga®4)| (b) | £; [(pga*A)|

7.2 Wave runup along a porous cylinder in front of a wall

Numerical studies on the wave elevation along the outer and inner wall surface of
the porous cylinder, also known as wave runup, at three points called Py, P> and P3, are
performed in this subsection. The coordinates of the feature points P1, P> and P;3 in the
xoy plane are (—e, 0), (—e—a, —a) and (—e—2a, 0), respectively. The definition of Py, P>
and P; can also be found in Fig. 1. Hereinafter, the incident wave amplitude 4 is used
to nondimensionalize the wave runup.

The variation of the wave runup at P1, P> and P; on the outer and inner wall surface
of the cylinder is plotted versus xoa in Figs. 6 and 7 with = 0 and e/a = 1. In these

calculations, the magnitude of the porous parameter is varied as |Go| =0, 0.25, 0.5, 0.75
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and 1. The hydrodynamic pressure along the waterline is directly proportional to the
wave elevation. As a result, it can be noted that the changing trend of the wave runup
is similar to that of wave force, which behaves oscillation with xoa. The effects of the
porous parameter on the wave runup is obvious. On the outer wall surface, the peak
value in general decreases with increasing |Go|, especially when |Go| < 0.5. Meanwhile,
an increase in |Go| can cause an increase in the wave transmission through the porous
wall. The changing trend and magnitude of the wave runup on the inner wall gradually

coincide with that on the outer wall as |Go| increases.
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Fig. 6 Magnitude of the dimensionless wave runup on the outer wall surface of a porous cylinder in

front of a wall with e/a = 1, =0 and d/a =5 (a) P, (b) P2 (¢) P3
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Fig. 7 Magnitude of the dimensionless wave runup on the inner wall surface of a porous cylinder in

front of a wall with e/a = 1, =0 and d/a =5 (a) P, (b) P> (¢) P3

Figs. 8-9 show the wave runup at the three points corresponding to e/a =1, 2, 3 and
unbounded water condition with £ and |Go| fixed at 0 and 1, respectively. The waves
reflected from the wall can cause obvious disturbance on the wave field around the
cylinder, leading to the intensive oscillation of the wave runup with increasing xoa.
Obvious amplification or reduction of the wave runup can be induced when the effects
from the wall are considered. The wave runup with e/a = 1, 2 and 3 oscillates around
that experienced by a cylinder in unbounded water. At Py, which is closest to the vertical
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wall among the three locations, the wave runup oscillates less frequently with xoa when
compared with that at other locations. Meanwhile, such oscillation also depends on the
distance between the cylinder and the wall. As e increases, the wave runup oscillates

more frequently with xoa.
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Fig. 8 Magnitude of the dimensionless wave runup on the outer wall surface of a porous cylinder in

front of a wall for different values of e with =0, |Go| = 1 and d/a =5 (a) P1 (b) P2 (c) P3
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Fig. 9 Magnitude of the dimensionless wave runup on the inner wall surface of a porous cylinder in

front of a wall for different values of e with =0, |Go| = 1 and d/a =5 (a) Py (b) P2 (c) P3

Figs. 10 and 11 present the wave runup for different cases of incident wave headings
with e and |Go| fixed at 2a and 1, respectively. The effects of the incident wave heading
p can then be investigated. As £ gradually increases to m/2, the two incident waves in
the imaginary system are gradually merged into one. In the meantime, the phase
difference between the individual contribution from the two waves to the wave field
gradually decreases. As a result, it is observed that the oscillation of the wave runup

with xoa becomes less intensive as £ increases.
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Fig. 10 Magnitude of the dimensionless wave runup on the outer wall surface of a porous cylinder

in front of a wall for different values of § with e/a = 1, |Go| = 1 and d/a = 5 (a) P (b) P2 (c) P3
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Fig. 11 Magnitude of the dimensionless wave runup on the inner wall surface of a porous cylinder

in front of a wall for different values of f with e/a =1, |Go| = 1 and d/a = 5 (a) P (b) P2 (c) P3

7.3 Wave elevation in the vicinity of a porous cylinder in front of a wall

The dimensionless wave elevation in the vicinity of a porous cylinder in front of a
wall under normal wave incidence (f = 0) is shown in Figs. 12 and 13 for xoa = 0.74,
0.61 and 0.52 corresponding to e/a = 1, 2 and 3, respectively. In addition, Figs. 12 and
13 correspond to the cases of an impermeable cylinder (|Go| = 0) and a porous cylinder
with |Go| = 1, respectively. From Fig. 12, alternative occurrence of peaks and troughs
can be observed along the direction of wave propagation. Under the three combinations
of xoa and e/a, significant wave runup can be observed around the weather side of an
impermeable cylinder (see Fig. 12). Meanwhile, such significant amplification in the
wave runup can be obviously suppressed when making the cylinder porous (see Fig.
13), demonstrating the dramatic effects of the porosity of the cylinder.

To further emphasize the variation in the wave elevation, a section across the domain
through the center of the cylinder (y = 0) is considered. The wave elevation along y =0
with f =0 is given in Fig. 14 for the three combinations of xoa and e/a as discussed in

Figs. 12 and 13. In Fig. 14, the value of |Go| is varied between 0 and 1 with an interval
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the effects of |Go| on the wave runup are not evident.
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of 0.25. As the waves cannot enter through an impermeable cylinder and hence for the
case of |Go| = 0 the wave elevation inside the cylinder is not given. It is evident from
Fig. 14 that an increase in |Go| can lead to a decrease in the wave runup around both the
weather side and lee side outside the cylinder. For the first combination of xoa and e/a
(see Fig. 14a), the wave elevation inside the cylinder in general increases as |Go|
increases at each location along y = 0. Meanwhile, for other combinations (see Figs.
14(b) and 14(c)), the wave runup around the weather side inside the cylinder has an

increase trend with the increase of |Go|, whereas around the lee side inside the cylinder

Fig. 12 Magnitude of the dimensionless wave elevation in the vicinity of a porous cylinder in front

of'a wall with |Go| =0, f=0and d/a= 5 (a) koa =0.74, e/a =1 (b) koa = 0.61, e/a =2 (c) koa = 0.52,

Fig. 13 Magnitude of the dimensionless wave elevation in the vicinity of a porous cylinder in front

of a wall with |Go| = 1, 8= 0 and d/a = 5 (a) xoa = 0.74, ela = 1 (b) xoa = 0.61, ela =2 (c) koa = 0.52,
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Fig. 14 Magnitude of the dimensionless free-surface elevation along y = 0 for different values of

|Go| with =0 and d/a =5 (a) koa = 0.74, e/a=1 (b) koa = 0.61, e/a =2 (¢) xoa = 0.52, e/a =3

The dimensionless wave elevation in the vicinity of the cylinder with f/m = 1/4 and
|Go| =1 is plotted in Fig. 15 for the three combinations of xoa and e/a as discussed above.
Fig. 15 is characterized by the alternative occurrence of peaks and troughs, which is
similar to the observation in Figs. 12 and 13. Meanwhile, with f/n = 1/4, the wave field
losses the character of symmetry. Furthermore, it is noted that an increase of f/n from
0 to 1/4 can cause a shift in the location where the peaks and troughs occur. To further
reveal the phase shift of the wave elevation with the increase of wave obliqueness, the
free-surface elevation along y = 0 with |Go| = 1 is given in Fig. 16 for the three
combinations of koa and e/a. In Fig. 16, the value of f/x is ranged from 1/16 to 1/4 with
an interval of 1/16. It is observed that the peaks and troughs inside and outside the

cylinder both obviously move to the upstream region as the wave obliqueness increases.

<= Poraus col — Vriical wall

e ol wall

(a)

Fig. 15 Magnitude of the dimensionless wave elevation in the vicinity of a porous cylinder in front

of a wall with |Go| = 1, f =7/4 and d/a = 5 (a) koa = 0.74, e/a = 1 (b) xoa = 0.61, e/a =2 (c) koa =

0.52,ela=3
(a) (b) (c)
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Fig. 16 Magnitude of the dimensionless wave elevation in the vicinity of the cylinder with |Go| = 1,

p=mn/4and d/a=5 (a) koa=0.74, e/a =1 (b) koa = 0.61, e/la =2 (c) koa=0.52, e/a =3

27



632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

658

7.4 Wave interaction with an array of porous cylinders in front of a wall

We consider the wave interaction with an array of porous cylinders in front of a wall.
The cylinders in the array are numbered as j =1, 2, ..., Co, ..., Np. After updating the
number of the cylinders in front of the wall, Ny, and the location and radius of each
cylinder, this problem can be tackled following the solution procedure presented in
Section 3. In addition, the method based on the introduction of auxiliary radiation
potential can also be used to evaluate the wave force on a specific cylinder in the array,
such as cylinder Co. In this method, the radiation potential due to the harmonic
oscillation of cylinder Cy in specific directions is required. Based on the image principle,
the wave radiation problem in bounded water can be transformed to the equivalent one
in open seas. In the imaginary system in open seas, besides the array of Nj real cylinders,
there is also an array of N, image cylinders. The real and the image cylinders are
symmetrical to the original vertical wall. The equivalent radiation problem in open seas
is due to the motions of the cylinder Co and its symmetrical cylinder. After obtaining
the radiation potential, the application of the Green’s second identify to the diffraction
potential and the auxiliary radiation potential in the region inside and outside the
cylinder array, respectively, in the orginal bounded watre can give the alternative
solution of wave force. The alternative solution relates the wave force on cylinder Coy
to the propagation modes of radiation waves outside the cylinder array due to the
motion of cylinder Co. In this section, the cases of Ny =2, 3 and 5 are concerned and
the corresponding layout of the cylinder array is given in Fig. 17. As shown in Fig. 17,
the cylinders, each having a radius a about its vertical axis, are equally spaced and lined
up in a row parallel to the wall. The axes of adjacent cylinders are separated by a
distance of 4a. When N = 2, the lower cylinder is numbered as Co (see Fig. 17a). When
Np=3 and 5, the middle cylinder in the array is numbered as Cy (see Figs. 17b and 17c¢).
In addition, the normal wave incidence (f = 0) is primarily concerned in the following

calculation.
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Fig. 17 Definition sketches for an array of porous cylinders in front of a wall (a) Ny =2 (b) Ny =3
(c)Np=5

Fig. 18 shows the wave force experienced by the cylinder Cp in the array of porous
cylinders with |Go| = 0 and the distance between the cylinder and the wall varies as e/a
=1, 2 and 3. The results corresponding to a single cylinder (N, = 1) and a cylinder array
(N» =2, 3 and 5) are both shown in Fig. 18 for the purpose of comparison. From Fig.
18, it is observed that the wave force on a cylinder in an array can follow a similar
changing trend to that on a single cylinder. However, small oscillations riding on the
results for N, = 1 can be observed in the results for N, =2, 3 and 5, which is due to the
interference effects between adjacent cylinders. Analogous results to those in Fig. 18
but with |Go| = 1 are shown in Fig. 19. When |Go| > 0, the wave transmission through
the porous wall of the cylinder can occur, which can weaken the interference effects
between adjacent cylinders. As a result, when |Go| = 1, the results corresponding to

different values of N, are in better agreement.
(a) (b)

A

£ (pgd’4)|

Fig. 18 Magnitude of the dimensionless wave force on the cylinder Co in an array of porous cylinders

with |Go| =0, f=0and d/a=5 (a)e/a=1 (b) e/la=2 (c) e/a=3
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Fig. 19 Magnitude of the dimensionless wave force on the cylinder Cy in an array of porous cylinders

with |Go|=1,=0and d/la=5 (a) e/la=1 (b) e/la=2 (c) ela=3

Fig. 20 shows the variation of wave runup at P, P> and P3 on the outer wall surface
of porous cylinder in the array with e/a = 1 and |Go| = 0. When N, = 2, 3 and 5, the
definition of Py, P> and P; can be found in Fig. 17. As shown in Fig. 20, the wave runup
on a porous cylinder in an array oscillates more intensively with xoa than that on a
single cylinder. After placing a cylinder in an array, obvious reinforcement and
diminishment of the wave runup can be induced, resulting from the constructive and
destructive interferences between adjacent cylinders. Figs. 21 and 22 show the variation
of wave runup at Py, P> and P3 on the outer and inner wall surfaces of porous cylinder
in the array with e/a = 1 and |Go| = 1. It is noted that the wave runups corresponding to
different layouts of the cylinder array with |Go| = 1 are much closer to each other when
compared with those with |Go| = 0, which suggests that the porous effects can obviously

weaken the interference effects between adjacent cylinders.
(@ (b)

—+-N,=5 v N,=3

74|

L5 20 25

Ka Ka

Fig. 20 Magnitude of the dimensionless wave runup on the outer wall surface of a porous cylinder

in an array with e/a =1, |Go| =0, =0 and d/a =5 (a) P (b) P2 (c) P3
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Fig. 21 Magnitude of the dimensionless wave runup on the outer wall surface of a porous cylinder
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Fig. 22 Magnitude of the dimensionless wave runup on the inner wall surface of a porous cylinder

in an array with e/a =1, |Go| =1, =0 and d/a =5 (a) P; (b) P2 (¢) P3

The dimensionless wave elevation in the vicinity of an array of porous cylinders is
shown in Fig. 23 with e/a = 1 and |Go| = 0 for xoa =0.69, 0.64 and 0.84 corresponding
to N» =2, 3 and 5, respectively. Analogous results to those in Fig. 23 but with |Go| = 1
are shown in Fig. 24. In Fig. 23, significant peaks can be observed in the upstream
region in front of the cylinder array. Meanwhile, the appearance of those large peaks is
obviously suppressed after making the cylinders porous (see Fig. 24), which
demonstrates the remarkable porous effect of the cylinders on the wave elevation

distribution.

wemsmsses Porous colunm e Virtical watll

(a) N (c)

Incident
waves

Incident f
g waves

Fig. 23 Magnitude of the dimensionless wave elevation in the vicinity of an array of porous cylinders

in front of a wall with e/a = 1, |Go| =0, f = 0 and d/a =5 (a) xoa = 0.69, Ny = 2 (b) xoa = 0.64, Ny =
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Fig. 24 Magnitude of the dimensionless wave elevation in the vicinity of an array of porous cylinders

in front of a wall with e/a = 1, |Go| =1, f =0 and d/a = 5 (a) xoa = 0.69, N =2 (b) xoa = 0.64, N =
3 (c) koa =0.84, Ny=5

8. Conclusion

The interaction of water wave with a bottom-mounted surface-piercing porous
cylinder, located at a finite distance from a rigid vertical wall, is studied in the
framework of potential flow theory. To carry out the study, a new analytical model is
developed, and by introducing an auxiliary radiation potential a new alternative method
to calculate the wave force is also proposed. The main conclusions of this study are
summarized as follows:

(1) By undertaking a convergence test, the sensitivity of the present model to the
number of Fourier modes is investigated. Two approaches have been developed in this
study for the calculation of wave force. One approach is based on the explicit solution
of velocity potential. The Haskind-Hanaoka relation, which has been extended to the
case of a porous structure in Zhao et al. (2011), is applied in the other approach. It is
noted that the two approaches both possess good convergence and the results based on
them agree well with each other. In addition, for the case of an impermeable cylinder
situated near a vertical wall, the present results agree well with those reported in
previous studies.

(2) In the two approaches developed for the calculation of wave force, the wave

diffraction and radiation problems related to a pours cylinder in front of a wall have
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been solved, respectively. The image principle is used to transfer the original diffraction
or radiation problem in bounded water into the equivalent one in open seas. In the
equivalent problem, simple relationships between the Fourier coefficients related to the
real and image cylinders have been established, based on which the no-flow condition
on the vertical wall is demonstrated.

(3) The waves reflected from the vertical wall can obviously disturb the wave field
near the cylinder, leading to that the wave force acting on a cylinder in front of a wall
behaves oscillation around that experienced by a cylinder placed in unbounded water.
The wave force can be remarkably amplified at specific frequencies due to the effects
of the vertical wall. Meanwhile, such obviously amplified wave force can be apparently
reduced on the porous cylinder. Regarding the porous effects, the wave force continues
to decrease as the porosity increases.

(4) The presence of the fully-reflective vertical wall can lead to obvious oscillation
of the wave runup with respect to the wave frequency. The oscillation in the wave runup
depends on the spacing between the cylinder and the wall. The larger the spacing is, the
more frequently the wave runup oscillates with the wave frequency. It is found that the
obvious amplification in the wave runup can be effectively suppressed on the porous
cylinder. Meanwhile, an increase of the porous effect parameter can cause an increase
of the wave transmission through the porous wall. Correspondingly, the changing trend
and magnitude of the wave runup on the inner and outer wall surfaces of the cylinder
gradually coincide with each other. It is also found that the wave obliqueness can
obviously affect the wave elevation distribution around the cylinder. As the wave
obliqueness increases, the locations where peaks and troughs occur obviously move to
the upstream region.

(5) The extension of our model to the case of a cylinder array in front of a wall has
been performed. Under normal incidence, the wave interaction with an array of porous
cylinders in front of a wall has been investigated. The porous cylinders in the array are
aligned in a straight line and equally spaced. It is noted that the porous effects of the

cylinder can obviously weaken the interference effects between adjacent cylinders. As
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the porosity increases, the wave force and runup on a porous cylinder in an array near

a wall can gradually coincide with those on a single porous cylinder near a wall.

Appendix: No-flow condition at the wall in the imaginary system

Here, it will be shown that the no-flow condition at the wall is satisfied in the
imaginary system (see Fig. 2).

In Fig. 2, the two symmetrical cylinders in open seas are under the action of two
plane incident waves of amplitude 4 and frequency w propagating in the directions f
and m — f3, respectively. In the exterior region ', the velocity potential ¢* can be
expressed as a sum of the incident and diffraction potentials. With the application of

Egs. (6), (8) and (13), it can be obtained that

+ lAg iKgysin B [ ixyxcos B —iKkpxcos B SR Jg im; Al
) ——?ZO(K‘OZ)Q (e +e )+Z > AC Hm( )ZO(K‘OZJ.)Q (A1)

m_m
j=1 m=—0

In the framework of potential flow theory, the fluid velocity can be determined

according to the gradient of velocity potential. It leads to

X

sin @ , (A2)
+Z Z A4/CY | k, (Kor,)cose_, —imH (Kor_,-) J j|Zo(KOZ_/-)€lmH/,

r

Jj=1 m=—0 j

i _
u+ — gZ (K Z) nq)}smﬁlKO COSﬂ( iryxcos ff —e m(,xcosﬁ)
w

inwhich, u is velocity component in the x-direction for a fluid particle in Q. In Eq.
(A2), the coefficients 4/ can be determined by solving Eq. (20a). In Egs. (A1) and
(A2), j =1, 2 are corresponding to the real and image cylinders respectively. As the
centres of the real and image cylinders are located at (—R, 0, 0) and (R, 0, 0) on the
mean free surface and the two symmetrical cylinders have the same radius, i.e.,

a, =a, =a, Eq. (20a) can be rewritten as

+M
Alp,+ D Alglt =ol*, j k=1,2andj =k, (A3)
7% and o" can be expressed as

2G, 1 .
miga J!, (x,a)H), (k)

in which, the coefficients p, , g

p,=pP_,=1+ (Ada)
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With the application of Eq. (A4), it is noted that except the unknown coefficients, other
coefficients involved in Eq. (A3) keep the same after replacing &, j, m and n by j, k, —m

and —n. That is

+M

Ao+ > A ght =ol*, j k=1,2and; %k (A5)

_ — m
n=—M

Eqgs. (A3) and (A5) suggest that the following relationship is held for 4’
A=A, j, k=1,2andj#k. (A6)

At the wall (x = 0), the incident wave makes no contribution to ;. If a location
along the wall, with the coordinate (0, ys, zs) in the global coordinate system, is

concerned, u; at this location can be expressed as

+ - J,’n K,a , . . 95 .
oo m;o(A:n - Afm)#}(ia)){’(o[{m (73 )cos 0, —imH,, (1,7, ) Sll; :|Zo (rz, )€™, (A7)

in which, 7, = (R2 +y? )1/2 and 6, =tan"'(y,/R). By making use of Eq. (A6), it is
clear that u is zero along the wall.

To further demonstrate that the no-flow condition is satisfied, the dimensionless
wave elevation in the vicinity of the two symmetrical cylinders is shown in Fig. Al
with |Go| = 0, e/a = 1, koa = 0.74. In Fig. A1, the incident wave heading varies from f
=0 and n/4. The wave elevation distribution shown in Fig. A1 is symmetric with respect
to the y-axis, leading to that along the wall (x = 0) the velocity component in the x-

direction is zero.
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Fig. A1 Magnitude of the dimensionless wave elevation in the vicinity of two symmetrical cylinders

with |Go| =0, e/la= 1, koa=0.74 and dla=5 (a) =0 (b) f = /4

The wave radiation problem due to the motions of two symmetrical cylinders is then
considered. This problem has been discussed in Section 5. In the wave radiation
problem, the expression of the velocity potential in " has been given in Eq. (30a).

Then, for a fluid particel in Q" its velocity component in the x-direction is given by

N=2 i A,,; 0 |:K0 (KO j )COSH —imH (K‘O )%:| ZO (KOZ_I- )eimgj
oy v (A8)
DI /| Sinei imf;
B 5 S ko ot i, )2 )
e J

In Eq. (A8), the coefficients Am , and 4/ ., ({=1) can be determined by solving
Egs. (35a) and (36a), respectively. When the two cylinders undergo out-of-phase surge
motion, with the information of layout of the cylinders and their radii, Eqgs. (35a) and

(36a) can be rewritten as

Opm+ZAn gt =60, j, k=1, 2andj#k; (A9a)

A Dot Z A"qn;,ﬁ,, =004, j, k=1, 2andj#k. (A9b)

n=—M
In Eq. (A9a), the coefficient OA,{;’,kO is expressed as

LV "
T . H'( ) " (A10)

With the application of Eqgs. (A4a), (A4b) and A(10) and replacing k, j, m and n in Eq.

(A9a) by j, k, —m and —n, it can be obtained that

+M
A—m Opm + Ajn OQm n _Om 09 j’ k = 1’ 2 and]¢k9 (All)

n=—M

Eqgs. (A9Db) and (A11) suggest that the following relationship is held for 2[”’1 0

A

A=A . j,k=1,2and;#k. (A12)

m, 0
In Eq. (A9b), the coefficients p, ,, ¢, , and 0, are expressed as
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With the application of Eq. (13) and replacing £, j, m and n in Eq. (A9b) by J, k, —m and

—n, it can be obtained that

+M
(1) A po i+ D (-1 A G0k =604, j k=1 2andj=k; (Al4)
n=—M

Egs. (A9b) and (A14) suggest that the following relationship is held for 121,{;’,

A =(-1)" A, ,, j. k=1, 2andj =k (A15)

m, |~

A location along the wall, with the coordinate (0, ys, zs) in the global coordinate

system, is concerned again. #; at this location can be expressed as

~+00

ar= . (121; oA, 0){1(‘0[‘[,'” (i1, )cosO, —imH,, (Korg)s'ir;—es}Zo (K2, )€™

m=-o0 5

(A16)

m=—o0 [=] s

S ) ] s eost, - im (se) 2  o)e
T,
After making use of Eqs. (A12) and (A195), it is clear that # is zero along the wall.
When the two cylinders undergo in-phase sway motion, the no-flow condition at the

wall can still be satisfied and it can be proved in a similar way to that when undergoing

out-of-phase surge motion
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